We introduce the Mathematica package SummerTime for arbitrary-precision computation of sums appearing in the results of DRA method. So far these results include the following families of the integrals: 3-loop onshell massless vertices, 3-loop onshell mass operator type integrals, 4-loop QED-type tadpoles, 4-loop massless propagators [1, 2, 3, 4] . The package can be used for high-precision numerical computation of the expansion coefficients of the integrals from the above families around arbitrary space-time dimension. In addition, this package can also be used for calculation of multiple zeta values, harmonic polylogarithms and other transcendental numbers expressed in terms of nested sums with factorized summand.
Introduction
Multiloop corrections within the Standard model and in general quantum field theory are of great interest now. In particular, this interest is connected with continuing search of New Physics both in collider experiments, such as LHC, and in high-precision spectroscopy measurement.
Probably, the most effective approach to the multiloop calculations is the differential equations technique. It was introduced long ago [5, 6, 7, 8] and has an impressive record of achievements. However, the differential equations do not work for one-scale integrals as their dependence on the scale is totally determined by dimensional considerations. On the other hand, the one-scale integrals are ubiquitous: they appear both in physical observables, like lepton anomalous magnetic moments or asymptotic R(s) ratio, and as boundary conditions in differential equations for multiloop integrals.
Some time ago the DRA method of the calculation of the multiloop integrals has been introduced in Ref. [9] . This method is based on using the dimensional recurrence relations and analytical properties of the integrals as functions of the space-time dimensionality d. In a short time, the DRA method has been successfully applied to a wide range of physically interesting one-scale families of integrals [1, 2, 10, 11, 3, 4, 12, 13, 14] .
The results of the DRA method are exact in d and have a form of nested sums with factorized dependence of the summand on the summation variables. Meanwhile, the applications require series expansion of the integrals in d near integer point, usually near d = 4. The most effective approach to obtaining analytical form of this expansion in terms of conventional transcendental numbers proved to be the one based on high-precision calculation of the expansion coefficients and subsequent use of the PSLQ algorithm. Many analytical results for the ǫ-expansions of the master integrals obtained in this way have been already published in the papers [1, 2, 10, 11, 3, 4, 12, 13, 14] near d = 4 (in Ref. [10] also near d = 3). However, the results of DRA method contain much more information than the published expansion coefficients. In fact, they are quite analogous to the representation in terms of hypergeometric functions, and totally determine expansion coefficients around any value of d. The only problem with these results is that, similar to the expansion of the hypergeometric functions, it may be quite difficult to express these coefficients in terms of conventional transcendental numbers, like multiple zeta values. Meanwhile, from time to time, there appears a necessity to calculate expansions of the master integrals either in different dimensionality or up to a higher order in ǫ.
The main goal of the present paper is to introduce a Mathematica package SummerTime for arbitrary-precision calculation of the expansion coefficients of DRA results around arbitrary value of d. This package gives high-energy community the full access to the results of the DRA method. In addition, the package contains procedures for high-precision evaluation of the multiple-zeta values and harmonic polylogarithms.
Solution of dimensional recurrence relation
Dimensional recurrence relations seem to appear for the first time in Ref. [15] and then rediscovered independently and systematically used in Ref. [16] . For the column-vector J of the master integrals of a given sector (i.e., the integrals with a given set of denominators) the dimensional recurrence relation has the form
where inhomogeneous term R(ν) contains master integrals from the subsectors, ν = d/2. Let S(ν) be a revertible matrix, satisfying the equation
Then the general solution of Eq. (1) can be written as follows:
Here Σ is the indefinite sum symbol with the property
If the function F (ν) decreases faster than 1/ν when ν → +∞ and/or ν → −∞, one can write
and/or
where ω(z) = ω(exp(2πiν)) is arbitrary periodic function. The key feature of the DRA method is the determination of the function ω(z) from the analytical properties on the integrals as functions of ν.
Assuming that simpler master integrals in R(ν) are also represented in a form (3), we naturally come to the problem of calculation of the nested sums of the form
Here T i+1,i (ν) are rational rectangular matrices, τ i ∈ { , <}, and S i (ν) is a hypergeometric matrix term, i.e. S −1 i (ν)S i (ν+1) is a rational matrix. Explicitly, we have
Here n i τ i 0 denotes n i < 0 or n i 0 depending on whether τ i is equal to '<' or ' '. Passing to the variables k i = n i + n i+1 + . . . + n K , we obtain
In many physically interesting families of integrals each sector contains at most one master integral. Then all matrices are replaced by scalars and we come to the problem of evaluating the sums of the following form
where each F i is a hypergeometric term, i.e. the ratio F i (ν + 1)/F i (ν) is a rational function, and k K+1 ≡ 0. In particular such are all the families of integrals calculated within DRA method [1, 2, 10, 11, 3, 4, 12, 13, 14] except for Ref. [12] where the result for multimaster integral was obtained. The present version of SummerTime package is restricted to the calculation of the scalar sums (10).
Tree sums
Remarkable property of the sums (9) and (10) is that the dependence on the summation variables in the summand is factorized. If the limits of the sums were decoupled, the sum would be a product of one-fold sums. Nevertheless, even with the limits given by inequalities k i τ i k i+1 , the sums in Eqs. (9) and (10) can be organized without nested loops as we explain below. But first we introduce the notion of tree sums and explain how sums of the form (9) or (10) can be rewritten in terms of those.
Let us define the following correspondence between a certain vertex-labeled directed graph and the solution of a set of inequalities. Namely, let us consider a directed graph with nodes marked by some expressions. Then the corresponding set of inequalities contains inequality m n for each edge m → n. E.g., the set of integer triples (
All sums appearing in the DRA method can be labeled by path graphs. However, convergence rate analysis is easier for the sums which summation limits determined by the directed rooted tree graphs. Any path graph can be reduced to a set of directed tree graphs. E.g.,
which corresponds to the identity k3<0 k2 k3 k1<k2
Note that if the summand on the left-hand side of Eq. (12) was a hypergeometric term with factorized dependence on the summation variables, the same is also true for the summands on right-hand side of the equation. The factorized form of the summand is a very important property which allows one to organize the calculation of the sums without nested loops.
In what follows we will use term 'tree sum' for the sums with limits determined by the directed rooted tree and with factorized dependence of the summand on the summation variables. It is very instructive to use the following alternative recursive definition of tree sums:
, where T i (n) are tree sums (j is a natural number).
Computation of tree sums
The numerical estimate of the tree sum can be obtained by replacing in the above definition the upper limit ∞ by some sufficiently large number N . A naive prescription would give the computational complexity O(N K ) of such an estimate, where K is a 'nestedness' of the sum (the number of summation variables). In order to organize the computation much more effectively, we use recursive nature of the definition 3.1. We first note that the evaluation of the list of one-fold sums {T (0), T (1), . . . , T (N )} can be done in one path with the computational complexity O(N ). Then, assuming that we already have such lists for each T i , we can evaluate T (k) from Case 2 of definition 3.1 also in O(N ). Therefore, the overall computational complexity of obtaining the estimate is O(N K). We stress the difference between the computational complexities of the sums with factorized and nonfactorized summand.
Convergence acceleration. Once we eliminated the exponential dependence on K, we have to examine also the dependence of the complexity on the required precision P (P is a number of decimal digits). For exponentially converging sums (in what follows we call them G-sums) we have N ∼ P and the overall computational complexity is 1 O(P K). However, for power-like behavior of the summand (we call such sums the H-sums) the number of terms in the naive computation depends exponentially on P . Therefore, we need to devise a suitable algorithm for convergence acceleration.
Let us consider a one-fold sum
Then in a naive prescription the required number of terms is N ∼ 10 P/α . Fortunately, it appears that we can use the convergence acceleration described in Ref. [17] . The general idea of the convergence acceleration is to replace the original sum with the modified one converging to the same value but with faster convergence rate. Let the transformed sum have the form
and
where f (n) is some function to be fixed and a(−1) = 0 by definition. Then the partial sum
The partial sums T
an T (N ) both have the same limit when
The convergence rate is boosted when
All these conditions are satisfied by f (n) = n/α. Note that if we know N terms of the original sequence a(n), we can reconstruct N −1 terms of the transformed sequence.
The leading asymptotics of the transformed term a 1 (n) depends on the nextto-leading term of a(n). Let us assume that the asymptotic expansion of a(n) has the form
Then the transformed sequence has the expansion
This allows one to apply the same acceleration technique recursively. If we have N terms of the sequence, we may apply the above acceleration technique N − 1 times which gives an estimate N lg N ∼ P . Taking into account that computational complexity of the acceleration is O(N 2 ), we have a rough estimate
for the overall complexity of the power-like decaying sums. Note that the convergence acceleration is compatible with our algorithm of evaluation of the nested tree sums. The only complication comes from the fact that convergence acceleration leads to strong numerical compensations when calculating the terms of the accelerated sequence, therefore the working precision W should be taken higher then the required one, and the empirical rule is W = γP , where γ ≈ 1.7. Then, for K-fold sum we have O(Kγ K P 2 ) complexity estimate.
Expansion in ǫ.
Tree sums appearing in the DRA method depend on spacetime dimensionality d. One is usually interested in their Laurent expansion near some point (typically, near d = 4). For a generic sum, depending on ǫ, the Laurent expansion does not always commute with the summation. However, the ǫ dependence of the tree sums appearing in the DRA method is very special: any summation variable n enters the summand only via combination n + ǫ or n−ǫ. Therefore, the sums converge uniformly in ǫ which means that the Laurent expansion and the summation commute. Therefore, in order to calculate the former, one can first expand the summand and then make the summation. It is important that our convergence acceleration procedure is linear. Therefore we can apply it to formal power series in exactly the same way as to numbers.
Conventional transcendental numbers and functions as tree sums
The main purpose of the SummerTime package is to calculate sums which arise in the DRA method. However, it is remarkable that many conventional transcendental numbers and functions can be expressed and effectively evaluated as tree sums. Let us consider the Goncharov polylogarithms defined via
To represent the above definition in the form of a tree sum, it suffices to rewrite it as
Multiple zeta values
are trivially related to the Goncharov polylogarithms:
and, therefore can be readily represented in the form of tree sums. Harmonic polylogarithms (HPL) are defined by (see, e.g., Refs. [18, 19] )
where n ∈ {0, ±1} and
It is standard to use nonzero integer n in the indices of H as a shortcut for sequence of |n|−1 zeros appended by sgn n, e.g., H(3, −2; x) = H(0, 0, 1, 0, −1; x). Since trailing zeros can be eliminated with the help of functional relations, see [19] , we may consider only H(n k , . . . , n 1 ; x), where all n 1 , . . . , n k are nonzero integers. We have
where σ i = sgn n i . Therefore, HPLs also can be expressed via tree sums.
Application example
So far, the DRA method was applied to the following families of the integrals:
• To 3-loop onshell massless vertices [1] ;
• To 3-loop onshell mass operator type integrals [2] ;
• To 4-loop QED-type tadpoles [10] ;
• To 4-loop massless propagators [3, 4] .
• Partly to 4-loop onshell mass operator type integrals [14] .
The results of the DRA method for the first four families can be downloaded as .zip files from the package web page. Together with the SummerTime package, they allow one to calculate with arbitrary precision the expansion of the integrals near any value of d.
Let us present a minimal example of the application of SummerTime package. We assume that the content of the archive M.zip is put to a working directory of the Mathematica session. Then the following program calculates the expansion of M 6,2 integral near d = 3 up to ǫ 3 (ǫ = (3 − d)/2) with the precision 1000 digits:
In On the notebook with 2 cores Intel core i7 the run time of the above program was 12 min.
In order to showcase the usability of the package, we have calculated the expansions of all four-loop massless propagator integrals near d = 3 (the corresponding results for d = 4 can be found in Refs. [20, 3] ). The results are presented in Appendix. The calculation provides a strong evidence of appearance of new transcendental numbers in addition to conventional ones: multiple zeta values and alternating harmonic sums.
Brief manual of SummerTime package
The SummerTime package can be downloaded from the site http://www.inp.nsk.su/~lee/programs/SummerTime/ and installed according to the instruction included in a distribution archive. After the installation, the package can be loaded into Mathematica session by a command:
The full list of functions provided by the package can be seen by ?SummerTime'*. Here we will consider only the basic ones.
Summation specifications
The SummerTime package supports two types of summation limit specifications. The first one, called triangle, is designed to handle the sums of form (10) . This summation specification represents a list of variables with ± signs, e.g.:
Signs determine the direction of summation: {. . . , ±n, k, . . . } denotes ±n ≤ k < ∞ and {. . . , ±n, −k, . . . } denotes ∓n ≤ k < ∞. The second specification is used for tree sums, given by definition 3.1. It represents a tree, which is written in the following form:
where children are also trees. If node doesn't have any children, it's simply written as: {node}.
The node itself is a summation variable. The root of a tree is always an integer. For example, the specification for a tree sum with limits 0 ≤ n ≤ k < ∞ can be written as {0, {n, {k}}}.
Summation functions
The SummerTime package defines following eight summation functions: Here expr denotes a summand, specs is a summation specification (either tree or triangle), exprs is a list of pairs {expr, specs}, e is a small parameter ǫ, o is an expansion order with respect to ǫ, and p is required precision. Functions names are constructed in the following way: Tree (Triangle) means that function uses tree (triangle) summation specification, Series indicates that the expansion of sum in ǫ is performed, and Sums instead of Sum designates that several sums are calculated and their total is returned as a result. The advantage of Sums functions is that they perform computations in parallel. All summation functions have an optional boolean argument ProgressIndicator, which denotes whether a progress bar must be shown during computations. Default value is True.
Sum functions also have an optional argument called Information. By this parameter, user can set up a string identifier, which will be shown on top of the progress bar. This option can be helpful for a sequence of calls of the summation functions: using it, user can understand which particular sum is currently being calculated.
Parallel functions (Sums) also have an optional boolean argument Parallel, which toggles, whether computation must be parallelized. Default value is True.
Other functions
Currently, the SummerTime package contains also implementation of multiplezeta values and harmonic and Goncharov polylogarithms. By default these functions are disabled and in order to use them, one needs to set up a value of special variable $Options before loading the package: Numerical values of these functions can be obtained via standard Mathematica function N.
Conclusion
In the present paper we have introduced a Mathematica package SummerTime for calculation of the multiloop integrals obtained within DRA method. The main purpose of the package is an arbitrary-precision calculation of the expansion coefficients of the integrals around any value of d. In addition, the package contains convenience tools for the calculation of various transcendental constants and functions: multiple zeta value, harmonic polylogarithms and Goncharov polylogarithms.
In the future, we plan to extend the package to the computation of the matrix sums. The difficulties connected with the convergence acceleration of the matrix sums seem to be possible to overcome using the approach of Ref. [21] . Such an extension of the package is highly desirable given the families of integrals of actual interest for the present moment.
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Appendix A. Expansion of massless propagator-type master integrals
Here we present the results for the expansions of the massless four-loop propagator-type master integrals around d = 3 (ǫ = (3 − d)/2). It turns out [22] that these expansions may be of some interest for the applications.
We fix normalization by dividing all expansions with
All results have been obtained by numerically calculating the expansions of the results of Ref. [4] and then using Mathematica built-in function FindIntegerNullVector with a set including non-alternating and alternating harmonic sums. For some coefficients this approach failed which strongly indicates appearance of new constants in the expansions. We added the unresolved coefficients to the transcendental basis and used the extended basis for subsequent integrals. In the end we have expressed all expansions in terms of standard transcendental numbers
and the following ten unresolved coefficients: The notation of these constants is as follows: M (n)
A denotes the expansion coefficient of M A (3 − 2ǫ)/M 01 (3 − 2ǫ) in front of ǫ n . We present results only for the integrals which can not be expressed in terms of Γ-functions. Where it is possible, we pull out rational factor making the expansion uniform in transcendental weight. 
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